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ABSTRA CT

The Saturation algorithm for symbolic state-spacegeneration,hasbeena recent break-
through in the exhaustive veri�cation of complex systems,in particular globally-asyn-
chronous/locally-synchronous systems. The algorithm usesa very compact Multiw ay
DecisionDiagram (MDD) encoding for statesand the fastestsymbolic exploration algo-
rithm to date. The distributed versionof Saturation usesthe overall memory available
on a network of workstations (NOW) to e�cien tly spread the memory load during
the highly irregular exploration. A crucial factor in limiting the memory consumption
during the symbolic state-spacegeneration is the abilit y to perform garbagecollection
to free up the memory occupied by dead nodes. However, garbagecollection over a
NOW requiresa nontrivial communication overhead. In addition, operation cache poli-
cies becomecritical while analyzing large-scalesystemsusing the symbolic approach.
In this technical report, we develop a garbage collection scheme and several opera-
tion cache policies to help on solving extremely complex systems. Experiments show
that our schemesimprove the performanceof the original distributed implementation,
SmArTNow, in terms of time and memory e�ciency .

1 INTR ODUCTION

Formal veri�cation techniques such as model checking and theorem proving have become
widely usedin industry for quality assurance,asthey canbeusedto detecterrorsearly in the
designlifecycle. State-spacegeneration,alsocalled reachabilit y analysis,is an essential but
very memory-intensive step in model checking. The increasingcomplexity of systemdesigns
stressesthe limits of most model checkers. Even though symbolic state-spaceencodings
basedon binary decision diagrams (BDDs) [2] and multiway decision diagrams (MDDs) [20]
help cope with the inherent state-spaceexplosionof discrete-statesystems,the analysisof
someindustrial size models may still rely on the use of virtual memory. Our discussion
regardingstate-spacegenerationfocuseson symbolic state-spacegeneration.

A natural way to deal with the excessive memoryconsumptionof reachabilit y analysisis
usingparallel and distributed approaches. Most of the research in this areahasbeenfocused
on vertical slicing schemesto parallelizeBDD manipulations, by decomposingbooleanfunc-
tions lines and distributing the computation over a NOW [18, 21, 25]. This schemeallows
algorithms to overlap the imagecomputation (the application of the next-state function to a
setof statesencodedby a decisiondiagramnode), but the distributed state-spacegeneration
is still synchronous,consistingof interleaved rounds of computation and communication, in
which the fastestor the most lightly loadedworkstation must wait for the heavily loadedones
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at the endof each round. Thus, the global synchronization requiredat the endof each round
is detrimental to this schemein terms of scalability. To overcomethis drawback, Grumberg
et al [17] introducedan asynchronousversionof the vertical slicing approach which not only
performs image computation and messagepassingconcurrently, but also incorporates an
adaptive mechanismtaking into account the availabilit y of freecomputational power to split
workload.

In [5], we instead useMDDs and partition them horizontally onto a NOW, so that each
workstation exclusively owns a contiguous rangeof MDD levels. Therefore,the memory re-
quired for state-spaceencoding is mutually exclusively partitioned onto workstations. Since
the horizontally distributed state-spacegeneration does not create any redundant or du-
plicate work at all, synchronization is avoided. Furthermore, within the horizontal slicing
scheme,only peer-to-peercommunication betweenneighboring workstations is used,soscal-
abilit y is not an issue.However, this approach comeswith a severetradeo�. Giventhe highly
optimized nature of saturation, which wasdesignedasa sequential algorithm, only onework-
station is active at anytime, hencethe distributed computation is virtually sequentialized.
This leaves only limited opportunities for speedup. To tackle this drawback, in [6, 7], we
introducedan idea to speedupdistributed state-spacegenerationby usingworkstations' idle
time to speculatively perform imagecomputations.

Also, during distributed state-spacegeneration,performing garbage collection for dead
MDD nodesover a NOW requiresa nontrivial communication overhead. In addition, MDD
cache policiesbecomerelatively critical in a large-scalesymbolic reachabilit y analysis. Thus,
in this paper, we developa garbagecollection schemeand several operation cache policiesto
help on solvingextremelycomplexsystems. The paper is organizedasfollows. Sect.2 gives
the necessarybackground on state-spacegeneration,decisiondiagrams,Kronecker encoding,
and the evolution of saturation algorithm. Sect.3 details our new garbagecollection scheme
tailor-made for distributed state-spacegeneration. Sect.4 discussesseveral operation cache
policies which might help on solving complex systems. Sect. 5 shows experimental results.
Sect.6 draws conclusionsand discussesfuture research directions.

2 BA CK GR OUND

A discrete-statemodel is a triple ( bS; sinit ; N ), where bS is the set of potential states of the
model, sinit 2 bS is the initial state, and N : bS ! 2bS is the next-statefunction specifying the
states reachable from each state in a single step. We assumethat the model is composed
of K submodels. Thus, a (global) state i is a K -tuple (iK ; :::; i1), where ik is the local state
of submodel k, K � k � 1, and bS = SK � � � � � S1 is the cross-product of K local state
spaces. This allowsusto usetechniquestargetedat exploiting systemstructure, in particular,
symbolic techniquesto store the state spacebasedon decisiondiagrams.

Since we target globally-asynchronous locally-synchronous systems,we decompose N
into a disjunction of next-state functions [4]: N (i) =

S
e2E Ne(i), where E is a �nite set of

events and Ne is the next-state function associated with event e. We then seekto build
the (reachable)state space S � bS, the smallestset containing sinit and closedwith respect
to N : S = f sinit g[ N (sinit ) [ N (N (sinit )) [ � � � = N � (sinit ), where\ � " denotesre
exiv e and
transitiv e closureand N (X ) =

S
i 2X N (i).
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2.1 Symbolic encoding of S

In the sequel, we assumethat each Sk is known a priori. In practice, the local state
spacesSk can actually be generated \on-the-
y" by interleaving symbolic global state-
spacegenerationwith explicit local state-spacegeneration[12]. We then usethe mappings
 k : Sk ! f 0; 1; : : : ; nk � 1g, with nk = jSk j, identify local state i k with its index i k =  k(ik),
thus Sk with f 0; 1; : : : ; nk � 1g, and encode any set X � bS in a (quasi-reduced ordered) MDD
over bS. Formally, an MDD is a directed acyclic edge-labeledmulti-graph where:

� Each node p belongsto a level k 2 f K ; :::; 1; 0g, denotedp:lvl .

� There is a singleroot node r at level K .

� Level 0 can only contain the two terminal nodesZero and One.

� A node p at level k > 0 has nk outgoing edges,labeled from 0 to nk � 1. The edge
labeledby i k points to a node q at level k� 1; we write p[i k ] = q.

� Given nodesp and q at level k, if p[i k ] = q[i k ] for all i k 2 Sk , then p = q, i.e., there are
no duplicates.

The MDD encodesa set of statesB(r ), de�ned by the recursive formula:

B(p) =

8
<

:

S
i k 2S k

f i kg � B(p[i k ]) if p:lvl = k > 1

f i 1 : p[i 1] = Oneg if p:lvl = 1
:

For example,box 10 at the bottom of Fig. 1 shows a �v e-node MDD with K = 3 encoding
four global states: (0,0,2), (0,1,1), (0,2,0), and (1,0,0). In our MDDs, arcs point down and
their label is written in a box in the node from wherethe arc originates; the terminal nodes
Zero and One and nodes p such that B(p) = ; , as well as any arc pointing to them, are
omitted.

Comparedwith BDDs, MDDs have the disadvantageof resulting in larger and lessshare-
able nodeswhen the variable domains Sk are very large. On the other hand, MDDs have
several advantages. First, many real-world models (e.g., non-safePetri nets and software
protocols) have variable domainswith a priori unknown or very large upper bounds. These
bounds must then be discovered \on the 
y" during the symbolic iterations [12, 14], and
MDDs are preferableto BDDs when using this approach, due to the easewith which MDD
nodes and variable domains can be extended. A secondadvantage, related to the present
paper, is that our chaining heuristicsapplied to the MDD state variablesmorecloselyre
ect
structural information of the model behavior, which is insteadspreadon multiple levels in a
BDD.

2.2 Symbolic encoding of N

For N , weadopt a Kronecker representation inspiredby work on Markov chains[3], possibleif
the model is Kronecker consistent [10, 11]. Each N e is conjunctively decomposedinto K local
next-state functions N k;e, for K � k � 1, satisfying, in any global state (i K ; : : : ; i 1) 2 bS,
Ne(iK ; : : : ; i 1) = NK ;e(iK ) � � � � � N1;e(i 1). Using K � jEj matrices N k;e 2 f 0; 1gnk � nk ,
with N k;e[i k ; j k ] = 1 , j k 2 Nk;e(i k), we encode Ne as a (boolean) Kronecker product:
j 2 Ne(i) ,

N
K � k� 1 N k;e[i k ; j k ] = 1, where a state i is interpreted as a mixed-based index
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Figure 1: Reachability graph, Sx ; Sy; Sz, and N , evolution of the MDD,

in bS and
N

indicates the Kronecker product of matrices. The N k;e matrices are extremely
sparse,for standard Petri nets, each row contains at most onenonzeroentry.

For example,the middle of Fig. 1 shows the Kronecker encoding of N accordingto events
(a;b;c;d) and levels (x; y; z), listing only the nonzeroentries, e.g.,

N y;b =
�

1 ! 0
2 ! 1

�

means N y;b =

2

4
0 0 0
1 0 0
0 1 0

3

5

and N y;b[1; 0] = 1 indicates that if the local state at level y is 1, event b is locally enabled
and �ring b, if globally possible,movesthe local state from 1 to 0.

2.3 Saturation-based iteration strategy

In addition to e�cien tly representing N , the Kronecker encoding allowsus to recognizeevent
locality [10, 22] and employ saturation algorithm [11]. We say that event e is independent
of level k if N k;e = I , the identit y matrix. Let Top(e) and Bot(e) denote the highest and
lowest levels for which N k;e 6= I . An MDD node p at level k is said to be saturated if it is
a �xed point with respect to all N e such that Top(e) � k, i.e., SK � � � � � Sk+1 � B(p) �
N � k(SK � � � � � Sk+1 � B(p)), whereN � k =

S
e:Top(e)� k Ne. To saturate MDD node p onceall

its descendants have beensaturated, we update it in place so that it encodesalsoany state
in Nk;e � � � � � N1;e(B(p)), for any event e such that Top(e) = k. This can createnew MDD
nodesat levelsbelow k, which are saturated immediately, prior to completing the saturation
of p.
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If we start with the MDD encoding the initial state sinit and saturate its nodesbottom
up, the root r will encode S = N � (sinit ) at the end, because:(1) N � (sinit ) � B(r ) � f sinit g,
sincewe only add states,and only through legal event �rings, and (2) B(r ) � N � K (B(r )) =
N (B(r )), sincer is saturated.

The reachabilit y graph of a three-placePetri net is shown at the top of Fig. 1. A global
state is described by the local state of place x, y, and z, in that order, and we index local
states by the number of tokens in the corresponding place. Three global states, (0,1,1),
(0,0,2), and (0,2,0), are reachable from the initial state (1,0,0). The three local state spaces
and the Kronecker description of N are shown in the middle of Fig. 1. The list of nonzero
entries for matrix N y;b, for example, indicates that �ring event b decreasesthe number of
tokensin placey, either from 2 to 1 or from 1 to 0; it also indicates that b is disabledwhen
placey contains 0 tokens,asno transition is listed from local state 0. The saturation-based
state-spacegeneration of this model is shown at the bottom of Fig. 1, where solid MDD
nodesare saturated and dashedMDD nodesare not.

1 Initial con�guration : Set up the MDD encoding the initial global state (1,0,0).

2 Saturate node 0 at level z : No action is required, sincethere is no event with
Top(event) = z. The node is saturated by de�nition.

3 Saturate node 0 at level y : Top(b) = Top(c) = y, but neither b nor c are enabled
at both levels y and z, Thus, no �ring is possible,and the node is saturated.

4 Saturate node 1 at level x : Top(a) = x and a is enabledfor all levels, thus event
a must be �red on the node. Since,by �ring event a, local state 1 is reachable from 0
for both levelsy and z, node 1 at level y and node 1 at level z, are created(not yet
saturated), This also implies that a new global state, (0,1,1), is discovered.

5 Saturate node 1 at level z : Again, no action is required as the node is saturated
by de�nition.

6 Saturate node 1 at level y : Top(b) = y and b is enabledfor all levels, thus event
b must be �red on the node. Since,by �ring event b, local state 0 is reached from 1
at level y and local state 2 is reached from 1 at level z, node 1 at level y is extended
to 01 and node 2 at level z is created. This also implies that a new global state,
(0,0,2), is discovered.

7 Saturate node 2 at level z : Again, no action is required,as the node is saturated
by de�nition.

8 Saturate node 01 at level y : Top(c) = y and c is enabledfor all levels, thus event
c must be �red on the node. Since,by �ring event c, local state 2 is reachablefrom 1 at
level y and local state 0 is reachable from 1 at level z, node 01 at level y is extended
to 012 and node 0 at level z, which has beencreatedand saturated previously, is
referenced.This also implies that a new global state, (0,2,0), is discovered.

9 Saturate node 012 at level y : After exploring all possible�rings, the node is
saturated.

10 Saturate node 01 at level x : Sinceno �ring can �nd new global states, the root
is saturated.
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Saturation consistsof many \ligh tweight" nested\lo cal" �xed-p oint imagecomputations
and is completelydi�eren t from the traditional breadth-�rst approach that employs a single
\heavyweight" global �xed-p oint imagecomputation. No matter whether the chaining idea
is applied or not, results in [11, 12, 13, 14, 8] consistently show that the saturation ap-
proach outperformsthe breadth-�rst approach of symbolic state-spacegenerationby several
ordersof magnitude in both memory and time, making it arguably the most e�cien t state-
spacegenerationalgorithm for globally-asynchronouslocally-synchronousdiscreteevent sys-
tems. Thus, it makessenseto attempt its parallelization, while parallelizing the lesse�cien t
breadth-�rst approach would not o�set the enormousspeedupsand memory reductions of
saturation approach.

2.4 Saturation NO W

[5] describeda message-passingalgorithm, Saturation NOW, that distributes the MDD nodes
encoding statesover a NOW, to study large models wherea singleworkstation would have
to rely on virtual memory to explorethe state space.On a NOW with W � K workstations
numbered from W down to 1, each workstation w has two neighbors: one \b elow", w � 1
(unless w = 1), and one \ab ove", w + 1 (unless w = W). Initially , we evenly allocate
the K MDD levels to the W workstations accordingly, by assigningthe ownership of levels
bw�K =Wc through b(w� 1)�K =Wc+ 1 to workstation w. Local variablesmytopw and mybotw

indicate the highest- and lowest-numbered levels owned by workstation w, respectively.
For distributed state-spacegeneration,each workstation w �rst generatesthe Kronecker

matricesN k;e for thoseevents and levelswhereN k;e 6= I and mytopw � k � mybotw , without
any synchronization. Then, the sequential saturation algorithm begins,except that, when
workstation w > 1 would normally issuea recursive call to level mybotw � 1, it must instead
senda requestto perform this operation in workstation w � 1 and wait for a reply. A linear
organizationof the workstations su�ces, sinceeach workstation only needsto communicate
with its neighbors.

3 DISTRIBUTED GARBA GE COLLECTION

The implementation of garbagecollection in SmArT follows the cleanup procedure based
on referencecounts where each decisiondiagram node has a counter to record the number
of references:the number of the incoming arcs to the node. A node's referencecounter
decreasesby one whenever one of its parents node dereferencesit. Whenever the reference
counter of a node is becomeszero,any following cleanup invocation will deletethe node and
remove it from the corresponding unique table. Then, a garbagecollection call will recycle
the free spaceusing level-basedrecycling pools. If the strict policy of garbagecollection
is used in SmArT , any dereferencemay proceed recursively down to the bottom level of
decisiondiagrams. Although a deeper recursive dereferencecan contribute to freeing up
more memory, it can be much costly in terms of runtime as well. So, to relax this policy,
SmArT allows usersto forbid the garbagecollection to be triggered until the number of dead
nodesreachessomegiven threshold.

However, updating the referencecounters within the decisiondiagram during distributed
state-spacegenerationover a NOW requiresa non-trivial amount of messagespassingamong
workstations. We thereforeprefer to skip the costly bookkeepinge�ort on maintaining up-
to-date referencecounters, in order to avoid the communication overhead. Yet, when the
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Figure 2: Garbagecollection example

overall memory consumptionreachessomegiven threshold, we perform distributed cleanup
by freezingstate-spaceexploration temporarily to deal with the disconnectednodesat run-
time. Without the up-to-date referencecounters, the distributed cleanup issuedat the kth
level needsto perform a scanat the previouslevel, readingthrough all k+1th nodes'outgoing
arcs, to determine the referencinginformation of the kth nodes. To overlap the distributed
cleanup and referencinginformation retrieval, it makessenseto cleanup several consecutive
levels at a time in a top-down fashion. Thus, our distributed garbagecollection triggers a
seriesof distributed cleanups starting at the kth level to recycledisconnectednodesat any
level equal to or lower than the k th . In general,the higher level the distributed cleanup is
invoked at, the more communication overheadmay be introduced.

The left of Fig. 2 shows a runtime snapshotof a six-level decisiondiagram distributed
over three workstations whereeach workstation managestwo levelsof the MDD. The dashed
boxesand lines indicate the disconnectednodes. The middle of Fig. 2 shows the decision
diagram resulting when the two bottom workstations (w = 2 and 1) perform distributed
cleanup on the decisiondiagram shown in the left of Fig. 2 starting at level 2. In this case,
onenode at level 2 and onenode at level 1 have beencleanedout. The right of Fig. 2 shows
the decisiondiagramsresulting when three workstations perform distributed cleanup on the
samedecisiondiagram but starting at level 4 instead. In this case,four nodes have been
removed.

4 OPERA TION CA CHE POLICIES

The main reasonwhy symbolic model checking can outperform the explicit approach is that
the implicit state-spaceconstruction allows nodes to sharenot only their children roots of
isomorphicdecisiondiagrams(memory e�cien t) but alsothe computation corresponding to
each of thosechildren (time e�cien t). To e�cien tly sharethe computation during symbolic
state-spacegeneration,hashing is consideredto be one of the most e�ectiv e way to cache
computeddata dynamically. However, a good hashingcan still create identical hashvalues
for distinct entries. To copewith this so-calledhash-collision issue,weusecollision-tolerating
hash tables: multiple entries having identical hash value are stored together using a linked
list.

In detail, in each collision-tolerating hash table, we usea singly linked list to store each
set of entries having identical hash value. For each level of decisiondiagrams,we usesuch
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a collision-tolerating hash table for each kind of operation (union, �re) and rehasheach of
the tables whenever the projected number of collisions becomestoo large. Fig. 3 shows
the data structure that we use to cache the results of union operation during distributed
state-spacegeneration. The fourth column of Fig. 3 shows an examplethat caching a newly
computedresult, the union of hk; 2ihk; 7i ! hk; 9i , having samehashvalue as the the union
of hk; 2ihk; 4i and the union of hk; 3ihk; 5i . In this case,three entries are stored in the same
linked list.

Yet, during symbolic state-spacegeneration,the collision toleration described previously
may hold up any cache-related operation and slowdown the overall computation, because
any hashtable lookup might endup searching in a linked list. An alternative way to easethe
hash-collisionissueis to perform rehashing:enlargingeach hashtable asneededto decrease
the chanceof hash collision. Yet, excessive rehashingcan be very memory consumingas
well. Thus, we tend to usea hybrid solution in our application.

4.1 Bounded-rehashing and bounded-collision caches

We develop a bounded-rehashingand bounded-collision cache policy to facilitate all cache-
related operations.

In detail, for each collision-tolerating hash table, we keep track of MaxCollision, the
maximal sizeof linked lists usedin the table, indicating that the time to retrieve any entry
(might end up searching in a linked list) is O(MaxCollision). Whenever somehash table's
MaxCollision exceedthe given threshold, MaxAllowedCollision, we rehashthe table by dou-
bling the size of the table. To prevent overusing memory for caching computed results,
we prohibit rehashinga table if the sizeof the table has exceededanother given threshold,
RehashThreshold. To preserve that the data retrieval time of the caches is asymptotically
bounded, we restrict MaxCollision � MaxAllowedCollision: the sizeof linked lists used in
any hash table is limited to MaxAllowedCollision. In other words, the maximal number of
entries having identical hashvalueis always MaxAllowedCollision no matter whether the size
of the hash table has exceededRehashThresholdor not. So, the time to retrieve a cached
entry is alsoO(MaxAllowedCollision).

After all, to bound the sizeof the linked lists oncethey are full, we always update linked
lists by inserting the new element at the front and removing the last one. Also, the maximal
valuesof MaxAllowedCollision and RehashThresholdallowed in a distributed program can
be much larger than thoseusedin a sequential program.
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4.2 Policies of single-lev el caches

Since the number of elements allowed to be stored in each linked list is limited, deciding
how to sift out the lessuseful element is an issue. An entry is said to be a cache-hit if it is
retrieved by somehashtable lookup. To take the usefulnessof entries into account, we need
somecache policy to preserve thosefrequently cache-hit entry which meansto keepthem in
the �rst MaxAllowedCollision elements of the corresponding linked list.

LRU, a frequently used policy, treats any newly cache-hit entry the sameas a newly
cached one: moving every newly retrieved element to the front of the corresponding linked
list. Yet, this policy treats every cache-hit entry equally no matter how often each of them
hasbeenretrieved. So,another idea is to switch the newly cache-hit entry with its previous
one. The last two columns of Fig. 3 show how a linked list will be updated following
this two policies after the result of the union of hk; 3ihk; 5i ! hk; 7i is cache-hit. After
all, while using either of these two policies, the time to retrieve each cached entry is still
O(MaxAllowedCollision).

5 RESUL TS

5.1 Exp erimen ts of bounded rehashing scheme

We evaluated the rehashingheuristic by using the saturation algorithm to generatethe state
spaceof the following parameterizedmodels.

� Round robin mutex protocol (Robin ) [16] modelsthe round robin solution of a mutual
exclusionproblem whereN is the number of processesinvolved.

� Flexiblemanufacturing system(FMS ) [22] modelsa manufacturing systemwith three
machinesto processthree di�eren t typesof parts whereN is the number of each type
of parts.

� Slotted ring network protocol (Slot ) [23] models a local area network protocol where
N is the number of nodesin the network.

� Leader election protocol (Leader ) [19] models a protocol for designating a unique
processorasthe leaderby sendingmessagesalonga unidirectional ring of N processors.

� Aloha network protocol (Aloha ) [9] models a local area network protocol whereN is
the number of nodesin the network.

� Kanban manufacturing system(Kan ban) [26] modelsa manufacturing systemautho-
rizing production basedon the consumption at the downstream stations where N is
the admissionthreshold to each machine.

� Bounded open queuingnetwork (BQ ) [15] modelsan open queuingnetwork wherethe
capacity of the queueis boundedby N .

� Knights problem(Knigh t ) modelsthe problemof determininghow many non-attacking
knights can be placedon an N � N chessboard.
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Model N Cache Time (sec) Memory (mgb) Rehash
init max HashI HashM DHash HashI HashM DHash (times)

Robin 600 100 50K 41 34 37 326 555 349 2677
FMS 250 100 100K 174 55 56 103 240 108 62
Slot 150 100 100K 122 97 104 210 324 233 1302

Leader 7 100 100K 123 12 15 147 205 172 684
Aloha 70 100 500K 85 12 16 227 502 255 699

Kan ban 60 100 1M 124 16 16 60 175 69 143
BQ 40 100 1M 102 58 60 97 120 106 43

Knigh t 6 100 1M 160 9 12 69 336 123 370
Queen 12 1000 1M 22 10 11 65 149 72 35
RIPS 14444 1000 10M 567 113 127 168 854 516 124

Table 1: Experimental resultsof rehashing.

� Queenspuzzle(Queen) modelsthe gameof placing 8 queenson an N � N chessboard
so that noneof them can hit any other in onemove.

� Runway safety monitor (RIPS ) [24] models an avionics systemmonitoring T targets
with S speedson a grid represented as a X � Y � Z grid.

Table 1 shows the experimental study performed on a Pentium IV 3GHz workstations
with 1GB of RAM. The �rst two columns show the model namesand the corresponding
parametersusedfor this evaluation. The third and fourth columns indicate the initial size
(init ) of hashtablesand the maximal size(max) allowedfor rehashing.The next six columns
present the time and memory consumptionof three di�eren t approaches: �xed-size hashing
using init , �xed-size hashing using max, dynamic hashing using init and then allowing to
rehashuntil max is researched, denotedasHashI, HashM, and DHash respectively. The last
column shows the number of rehashinghasbeenperformedwhile experimenting DHash.

In Table 1, we can seethat HashI is always the most memory e�cien t approach and
HashM is always the most time e�cien t one. However, in all cases,the memory consump-
tion of DHash can be as low as HashI's, while the runtime of DHash being very closeto
HashM's Note that, the tradeo� in performing dynamical rehashing(shown in the last col-
umn of Table 1) is the runtime di�erence betweenHashM and DHash which is insigni�cant.
Additionally , the high memory consumptionof DHash implies that excessive unboundedre-
hashingcanbeexpensiveand unrealistic. In conclusion,the experiment showsthat rehashing
works well in many casesmaking the boundedrehashingidea more practical.

5.2 Exp erimen ts for the message-passing implemen tation

This experimental study of SmArT and SmArTNow on Robin and Slot wasperformedon Sci-
clone[1] cluster at the Collegeof William and Mary consistingmany di�eren t heterogeneous
subclusters. We usedthe Whirlwind (homogeneous)subcluster which consistsof 64 single-
cpu Sun Fire V120 nodes(UltraSPARC IIi+ 650MHz, 1 GB RAM) connectingby Myrinet
and running Solaris9 with LAM/MPI on TCP/IP . Three parametersselectedfor both mod-
els represents the small, medium, and large casesof symbolic state-spacegeneration,where
the sequential program requires� 100MB, � 500MB and � 900MB to accomplishthe tasks.
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Figure 4: Experiments on Robin

For each test case,we run SmArTNow on 1, 2, 4, 8, 16, 32, and 64 workstation(s) and record
the runtime (the pointed linescorresponding to the left axes)in secondsand the usedand the
total NOW memory (�lled and dashedboxescorresponding to the right axes)in megabytes
. To seethe actual overheadof the distributed approach, we use the memory information
reported by the operating system(information retrieved from /pro c). Also, we use�xed-size
hashing to test all cases,even though, in comparisonto SmArT , running SmArTNow on a
NOW will have more memory for rehashingto acceleratethe computation

Fig. 4 and 5 show that, when the RAM of a single workstation is su�cien t to run the
test case,the runtime of SmArT is better than that of SmArTNow on multiple workstations.
The message-passingoverhead,while not huge, is not trivial either. In the small test cases,
the runtime of SmArTNow is few times larger than that of SmArT . However, the di�erence
diminishes as the model size grows, even way before memory swapping becomesan issue.
Indeed,such hugedi�erencesariseevenwhencomparingSmArTNow with itself usingdi�eren t
values of W. Considering the caseof ROBIN N = 1000, the optimal number Wopt of
workstations to useis 4. In the right of Fig. 4, the runtime di�erence was indicated by red
solid-arrows and the memory consumptiondi�erence was indicated by pink dashed-arrows.
In detail, SmArT rarely triggers memory swapping where 862MB of memory was usedin a
single machine and SmArTNow does not usevirtual memory at all where 1026MB of NOW
memory was usedover four network-connectedmachines.

In addition, while such Wopt cannot be known a priori, the resultsclearly show that using
too many workstations a�ects the runtime only by a small factor, while usingtoo few, or just
one,results in very largepenalties,if the algorithm completesat all. Consideringthe caseof
ROBIN N = 1000again, the runtime penalty of using W = 1 < Wopt is even higher than
that of using W = 32. Furthermore, even though the runtime penalty of using W > Wopt

is not trivial, the di�erence between the pinked shadedboxes and the blue dashedboxes
indicate the large amount of NOW memory leftover which can be usedfor model checking
or someanticipation for acceleratingthe computation.
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Figure 5: Experiments on Slot

After all, Robin and Slot are two of the average-caseproblems for our distributed
algorithm. However, the scalability of our current implementation of distributed saturation
is restricted by the number of partitions of the input model: the number of workstations we
used,W, cannot exceedthe number of MDD levels,K . In the other words, the ownershipof
each MDD level is exclusiveamongworkstations,although theseownershipcanbe transfered
between workstations. So, this two models are selectedsimply becausethey have more
than 64 MDD levels. Yet, this drawback can be resolved by allowing multiple workstations
managingthe sameMDD level but then additional communication overheadis required for
maintaining the canonicity of MDD nodes over workstations. In the end, the experiment
of the two cache policies merely show a small improvement in comparisonto our original
implementation.

6 CONCLUSIONS AND FUTURE RESEAR CH DIRECTIONS

We designedand implemented a new versionof the distributed symbolic state-spacegenera-
tor, SmArTNow, whoselevel-basednodeallocation schemeachievesexcellent memorydistribu-
tion and scalability over NOWs. Thanks to the ever increasingnetwork speed,our approach
e�ectiv ely provides the large amounts of memory neededwhen studying large systems,al-
though it o�ers no theoretical speedup. Also, the cache heuristics speedup our algorithm
and make the performanceof the distributed approach more convincing.

Somefuture research directions are discussedbelow.

6.1 Tw o-lev el cache policies

Sincethe single-level cachepolicy mixesup the newly cachedentries and the cache-hit entries,
it might o�set the idea of distinguishing the usefulnessof each entry. In detail, the cache
policy to distinguish the entries accordingto how frequent each of them has beenretrieved
makesmoresenseif the comparisonis only amongthosecache-hit ones.Also, heavy element
insertion might cancelout the usefulnessof bookkeepingcorresponding to somekey. Thus,
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Figure 6: 2-levelsunion caches

we suggesta two-level operation cache (L1 and L2) : L1 cache is used to store cache-hit
entries; L2 cache is used to store newly cached entries. A newly computed result will be
cached in L2 initially . OncesomeL2-cached entry is cache-hit, it will be moved to L1 cache.
If an entry stored in L1 cache is cache-hit, its position will be changed. Fig. 6 shows the
new structure we useto cache union operations. The three examplesshown in the last three
columns of Fig. 6 are: caching a newly computed result, the union of hk; 2ihk; 7i is hk; 9i ,
sharinga key with the union of hk; 2ihk; 4i and the union of hk; 3ihk; 5i ; the update following
an L2 cache hit on the result of the union of hk; 3ihk; 5i ; the update following an L1 cache
hit on the result of the union of hk; 1ihk; 4i . After all, the time to accesseach entry stored
in this new hashtable is still O(MaxAllowedCollision).

6.2 Parallel version of SmArTNow

In [6], we introduced the idea of utilizing idle workstation time by �ring events e with
Top(e) > k on saturated MDD nodesat level k a priori . Sincewe cannot know in advance
whether such an event will needto be �red on p, and a na•�ve speculative schemeaskingeach
idle workstation to computeall possible�rings may require excessive memory, we introduce
the idea that workstations recognizeevent �ring patterns, namely sequencesof events that
have been�red on MDD nodesso far, then speculatively exploreonly �rings conforming to
thesepatterns to prevent unrestrainedspeculation from squanderingthe overall NOW mem-
ory. Also, in [7], we explore how to encode the evolution of each �ring pattern implicitly ,
so that MDD nodescan sharethe encoding of the samepatterns. The implicit method for
pattern encoding is not only for reducingthe memoryoverheadof this prediction schemebut
also for tuning the accuracyof speculation. In the near future, we plan to apply this specu-
lative imagecomputation idea to speedupthe distributed reachabilit y analysison largescale
systemson heterogeneouscluster (Myrinet connectedsingle-chip multi-pro cessingmachines)
using the combination of messagepassing(MPI) and sharedmemory (OpenMP) libraries.
A preliminary experiment of an OpenMP implementation of parallel saturation shows that,
in the best case,the speculation idea decreasesthe runtime of (sequential) saturation by a
factor of 3 while using4 threads. However, in this method, there is onethread assignedonly
for managingthe history of event �ring patterns, so only three threads were doing the real
computation (either saturation or speculation). Then, we can seethat a linear speedupis
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almost achieved. Now, we are trying the sameexperiment on a SGI SMP machine which
has32 dual-coreprocessorsto seewhether this idea is scalableor not.
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