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Data-driven	PredicHve	Modeling	of	Turbulent	Flows	:		
Current	Status	and	Challenges		



Supersonic combustion 
TransiHonal	boundary	layer	

Shock	train	

Turbulence	:	a	“tyranny	of	scales”			



Decompose	

NSE	

(DNS)	

	

Averaged	

(RANS)	
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Modeling	the	Reynolds		
stress	tensor	

•  Models	found	lacking	in	accuracy	in	many	complex	flows	
•  It	is	the	balance	between	the	terms	that	maYers	(and	not	accuracy	of	

individual	terms)	
	 	è	SHll	respect	invariance,	symmetries,	etc.	

•  Many	“seemingly	physical”	quanHHes	are	just	operaHonal	variables	
	 	è	Use	of	apriori	analysis	is	of	limited	uHlity	

•  Start	with	clean	idea,	but	loss	of	rigor	in	final	model	
•  Model	constants	calibrated	on	very	limited	data	
	
	



Our	approach	

	
	We	propose	large-scale	data-driven	to	enable	the	construcHon	of	
accurate	models	of	turbulence	

	è	Focus	on	non-parametric	(funcHonal)	improvements	
						è	Not	replacing	exisHng	modeling	knowledge,	but	just	building	on	it	
	
	This	technique	enables		

	è	The	ability	to	“infer”	what’s	missing	in	the	closure	
	è	The	ability	to	convert	that	inference	into	modeling	knowledge	



A	Hmeline	of	data	in	turbulence	modeling		

	

	
	

UQ	perspecHve	
	
Moser	et	al	(2011-2013)																						:	Bayesian	analysis	and	model	averaging	(coefficients)	
Wang	et	al	(2012)																																	:	Infer	correcHon	to	eddy	viscosity	coefficient	
Tracey,	Duraisamy,	Alonso	(2012)					:	Machine	Learning	of	Reynolds	stress	perturbaHons	
Edeling	(2014)																																							:	Infer	uncertainty	in	model	coefficients	
Ling		et	al	(2015)																																			:	Machine	Learning	to	determine	regions	of	model	error	
Xiao	et	al	(2015)																																				:	Infer	reynolds	stress	perturbaHons	
	
	
Modeling	perspecHve	
	
Duraisamy	et	al.	(2014)																								:	Inversion	and	machine	learning	for	Turbulence	modeling	
Tracey,	Duraisamy,	Alonso	(2015)					:	Machine	learning	+	embedding		
Xiao	et	al	(2016)																																				:	Inference	+	learning	of	Reynolds	stress	perturbaHons	
Duraisamy	(2016)																																	:	Inference	+	machine	learning	+	embedding		
	



Perturbing	eddy	viscosity	

	

	
	

UQ	perspecHve	
	
Moser	et	al	(2011-2013)																						:	Bayesian	analysis	and	model	averaging	(coefficients)	
Wang	et	al	(2012)																																	:	Infer	correcHon	to	eddy	viscosity	coefficient	
Tracey,	Duraisamy,	Alonso	(2012)					:	Machine	Learning	of	Reynolds	stress	perturbaHons	
Edeling	(2014)																																							:	Infer	uncertainty	in	model	coefficients	
Ling		et	al	(2015)																																			:	Machine	Learning	to	determine	regions	of	model	error	
Xiao	et	al	(2015)																																				:	Infer	reynolds	stress	perturbaHons	
	
	
Modeling	perspecHve	
	
Duraisamy	et	al.	(2014)																								:	Inversion	and	machine	learning	for	Turbulence	modeling	
Tracey,	Duraisamy,	Alonso	(2015)					:	Machine	learning	+	embedding		
Xiao	et	al	(2016)																																				:	Inference	+	learning	of	Reynolds	stress	perturbaHons	
Duraisamy	(2016)																																	:	Inference	+	machine	learning	+	embedding		
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Perturbing	Reynolds	stress	tensor	

	

	
	

UQ	perspecHve	
	
Moser	et	al	(2011-2013)																						:	Bayesian	analysis	and	model	averaging	(coefficients)	
Wang	et	al	(2012)																																	:	Infer	correcHon	to	eddy	viscosity	coefficient	
Tracey,	Duraisamy,	Alonso	(2012)					:	Machine	Learning	of	Reynolds	stress	perturbaHons	
Edeling	(2014)																																							:	Infer	uncertainty	in	model	coefficients	
Ling		et	al	(2015)																																			:	Machine	Learning	to	determine	regions	of	model	error	
Xiao	et	al	(2015)																																				:	Infer	reynolds	stress	perturbaHons	
	
	
Modeling	perspecHve	
	
Duraisamy	et	al.	(2014)																								:	Inversion	and	machine	learning	for	Turbulence	modeling	
Tracey,	Duraisamy,	Alonso	(2015)					:	Machine	learning	+	embedding		
Xiao	et	al	(2016)																																				:	Inference	+	learning	of	Reynolds	stress	perturbaHons	
Duraisamy	(2016)																																	:	Inference	+	machine	learning	+	embedding		
	

Rp = 2k


I

3
+V(⇤+ �⇤)V

T

�
Structure	
proposed	by	
Emory	&	
Iaccarino	(2012)	



Introduce	correcHve	terms	in	the	model	

	

	
	

UQ	perspecHve	
	
Moser	et	al	(2011-2013)																						:	Bayesian	analysis	and	model	averaging	(coefficients)	
Wang	et	al	(2012)																																	:	Infer	correcHon	to	eddy	viscosity	coefficient	
Tracey,	Duraisamy,	Alonso	(2012)					:	Machine	Learning	of	Reynolds	stress	perturbaHons	
Edeling	(2014)																																							:	Infer	uncertainty	in	model	coefficients	
Ling		et	al	(2015)																																			:	Machine	Learning	to	determine	regions	of	model	error	
Xiao	et	al	(2015)																																				:	Infer	reynolds	stress	perturbaHons	
	
	
Modeling	perspecHve	
	
Duraisamy	et	al.	(2014)																								:	Inversion	and	machine	learning	for	Turbulence	modeling	
Tracey,	Duraisamy,	Alonso	(2015)					:	Machine	learning	+	embedding		
Xiao	et	al	(2016)																																				:	Inference	+	learning	of	Reynolds	stress	perturbaHons	
Duraisamy	(2016)																																	:	Inference	+	machine	learning	+	embedding		
	

DQ

Dt
= R(Q) + �(Q) ! DQ

Dt
= �(Q)R(Q) ! � ⌘ 1 +

�

R



Outline	

	

•  Proof-of-concept	
	 	è	If	there	is	a	known	underlying	model,	can	we	discover	it?	

•  The	general	framework	
	 	è	How	do	we	setup	the	data-driven	turbulence	modeling	

problem	
•  DemonstraHon		

	 	è	PredicHons	in	Airfoil	flows	
•  Computer	Science,	Scaling,	etc…	
	
	
	



Many Questions


"   Basic questions: Can machine learning work at all?: 

"   Can a learning algorithm discover and replicate a 
known model? 

"   Will the learned model destabilize a PDE solver? 

"   Isolate errors in learning from complexities of real-world 
data 




Not just a matter of learning and prediction… Have to 
address convergence within framework
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Proof-of-concept	



Spalart-Allmaras Model
 12
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Proof-of-concept	:	ReplicaHng	Spalart	Allmaras	Model	



Input features


Locally Non-Dimensional !
Input Features!

� = ⌫̂/⌫

⌦̄ =
d2

⌫̂ + ⌫
⌦

N̄ =
d2

(⌫̂ + ⌫)2
N

13


sp = cb1(1� ft2)Ŝ⌫̂
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Proof-of-concept	:	ReplicaHng	Spalart	Allmaras	Model	



Procedure

1)  Select representative datasets 

•   Flat plates, pressure-driven 
channels, airfoils 

2)  Choose and extract input and 
output features 

•  Spalart-Allmaras quantities 

3)  Select learning algorithm 

•  Neural network 

4)  Train learning algorithm 

•  BFGS optimizer 

5)  Embed learned model within flow 
solver 

•  SU2  

14


Features! Outputs!

Solver!

Procedure	



"   Favorable pressure gradient channel flow


"   Injection within a converging solver yields poor results


Misleading Results


Prediction vs. Truth for MulProduction
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We	can	learn	and	we	can	test,	but	…	



Loss Functions

"   Squared-Error


"   Penalizes differences in the output value


" Dimensionalized Squared-Error


"   Penalizes differences in the dimensional output value
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kX

i=1

(pi � ti)
2

L2 =
kX

i=1

 ✓
d2i

(⌫̂i + ⌫i)2

◆
ps̄,i � ts,i

!2

16
The	loss	funcHon	



Loss Function Comparison
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"   Must align loss function with CFD environment
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The	loss	funcHon	



"   G: No major 
difference





"   F: Small 
region of 
difference


"   P: Large 
discrepancy


Extended Results Suite

Mul. Mul.

Dest. Fw Dest. Prod. Prod. Source

Flatplate 3e6 G G G G G G

Flatplate 4e6 G G G G G G

Flatplate 5e6 G G G G G G

Flatplate 6e6 G G G G G G

Flatplate 7e6 G G G G G G

Channel Cp = �0.3 G G G G G F

Channel Cp = �0.1 G G G G G F

Channel Cp = �0.03 G G G G G F

Channel Cp = �0.01 G G G G G F

Channel Cp = 0.01 G G G G G F

Channel Cp = 0.03 G G G G G F

Channel Cp = 0.1 G G G G G F

Channel Cp = 0.3 P G G G P F

NACA 0 G G G G G G

NACA 1 G G G G G G

NACA 2 G G G G G G

NACA 3 G G G G G G

NACA 4 G G G G G G

NACA 5 G G G G G G

NACA 6 G G G G G G

NACA 7 G G G G G G

NACA 8 G G G F G G

NACA 9 G G G F G G

NACA 10 G G G F G G

NACA 11 G G G F G G

NACA 12 G G G F G G
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450+ cases!

Test	cases	



Onera M6 Wing


True! ML!

19
Test	on	3D	problem	



"   Feature Scaling is important


"   Testing within the CFD solver


"   Alignment of loss function


IF THERE IS AN UNDERLYING MODEL, IT IS POSSIBLE 
TO DISCOVER IT


Findings
 20
Takeaways	-	1	



Outline


!

•  Proof-of-concept!
" "è If there is a known underlying model, can we discover 

it?!
•  The general framework!

" "è How do we setup the data-driven turbulence modeling 
problem!
•  Demonstration !

" "è Predictions in Airfoil flows!
•  Computer Science, Scaling, etc…!
!
!
!



On	to	the	real	problem	

?	

Expt/High	
Fid	Sim		

PredicHve	
model	

•  Data	is	not	available	in	a	form	or	context	that	is	immediately	useful,		
•  Right	data	isn’t	available	
•  Generalizing	specific	informaHon	into	modeling	knowledge	is	hard	
•  UncertainHes	abound	
•  NO	proof	that	there	is	an	underlying	model	waiHng	to	be	discovered	



Field		
Inversion	

	InformaHon			SpaHal	discrepancy			

		Datasets				Y1,Y2…Yn	

Field	Inversion	&	Machine	learning	(FIML)	
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Field		
Inversion	

	InformaHon			SpaHal	discrepancy			

Embedding	

Knowledge						FuncHonal	discrepancy			

		Datasets				Y1,Y2…Yn	

Machine	
	Learning	

	PredicHon	:		InjecHon	into	solver	
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�̂(f(Q))

	InformaHon			SpaHal	discrepancy			

Knowledge						FuncHonal	discrepancy			

Machine	
	Learning	
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Major	insight	from	NASA	LEARN	project	

f(Q)
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1)	Inference	

3)	Machine	
Learning	

		4)	PredicHon	
2)	Design	of	
Experiments	



Outline	

	

•  Proof-of-concept	
	 	è	If	there	is	a	known	underlying	model,	can	we	discover	it?	

•  The	general	framework	
	 	è	How	do	we	setup	the	data-driven	turbulence	modeling	

problem	
•  DemonstraHon		

	 	è	PredicHons	in	Airfoil	flows	
•  Computer	Science,	Scaling,	etc…	
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Inversion	



D⌫̃

Dt
= P �D + T

Example:	ApplicaHon	to	airfoil	Original	Model	

Introduce	correcHon		

Data	used:	

Wall		
pressure	

D⌫̃

Dt

= P �D + T + �(x)

� = (P + �)/P



Bayesian	FUNCTIONAL	Inversion	

d	–	Data	
β	-			Unknown	funcHon	
h(β)	–	Model	output	
Cm			-	ObservaHonal	covariance	
Cβ				-	Prior	covariance			
	



Posterior	

More	complete	PDFs	with	accelerated	MCMC	(with	P.	ConstanHne,	Colorado	Sc.	Of	Mines)	



Inversion	based	on	
Pressures		
vs		
Inversion	based	on	
LIFT!	

Ability	to	work	on	sparse	amount	of	data	is	
criHcal	



Other	ways	of	introducing	discrepancies	
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ApplicaHon	to		
Airfoil	flows	α=9o	

α=12o	

α=18o	



	
	
Large	parameter	sweep	of	different	bump	
heights	and	Reynolds	numbers	
	
TargeHng	adverse	pressure	gradients	and	
separaHon	

ApplicaHon	to	flows	over	bumps	
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How	to	transform	informaHon	to	knowledge?	

Machine	
Learning	 �(⌘1, ⌘2, ...)

⌘1, ⌘2, ...

�

1(x, y)
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2(x, y)
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3(x, y)
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4(x, y)

.....

.....

�

n(x, y)



SelecHon	of	Features	
Step	1:	Look	inside	the	baseline	model	

Step	2:	Look	for	relevant	physics	

Step	3:	Feature-subset	selecHon*	

Kohavi,	R.	et	al.	“Wrappers	
for	Feature	Subset	
SelecHon,”	ArHficial	
Intelligence,	1997		

Hill-climbing	algorithm	

Features	locally	non-dimensional	

S/⌦,⇧, sp/sd



EvaluaHon	

*Sparse	Mul,scale	Gaussian	Process	Regression	Using	Hierarchical	Clustering,	Z.	
Zhang,	K.	Duraisamy,	N.	Gumerov,	Applied	Numerical	MathemaHcs	2016	
(SubmiYed)	

Neural	Networks	
GP	regression	
Mul,scale	GP	regression*	
Symbolic	regression	
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Tests	

Training	set	è	

Singh,	A.,	Medida,	S.	&	Duraisamy,	K.,	Data-
augmented	PredicHve	Modeling	of	Turbulent	
Separated	Flows	over	Airfoils		SubmiYed,	AIAA	
Journal,	2016.	



True	predicHon	!	



PredicHon	–	S814	

CollaboraHon	with	Altair,	Inc.	



PredicHon	–	S805	

CollaboraHon	with	Altair,	Inc.	



PredicHon	–	S809	

CollaboraHon	with	Altair,	Inc.	



True	predicHon	!	

Inference	used	only	CL	data,	NN-augmented	model	provides	
considerable	predicHve	improvements	of	Cp	

S	809,	Re=2	Million	



						Variability	
α=0	

α=14	 α=20	

	Training	from	different	
sets		

S	809,	Re=2	Million	



Portability	:		
ImplementaHon	in	AcuSolve	

S809	Airfoil	:	PredicHve	results	in	Commercial	CFD	solver	



Robustness:		
ImplementaHon	in	AcuSolve	

S809	Airfoil	:	PredicHve	results	in	Commercial	CFD	solver	



Summary	of	predicHons	
•  NN-augmented	S-A	model	shows	significant	improvement	over	the	
baseline	model	in	predicHng	CL	,	CD	and	stall	onset	angles.	

•  PredicHons	confirmed	to	be	excellent	in	shapes	and	flow	condiHons	
that	were	not	part	of	the	training	set.	

•  No	deterioraHon	of	accuracy	noHced	in	situaHons	in	which	original	
model	was	accurate	

•  Inference	used	only	CL	but	NN-augmented	model	provides	
considerable	predicHve	improvements	of	Cp	

•	Ensemble	of	predicHons	used	to	assess	the	sensiHvity	of	the	model	
outputs	to		training	
							è		Currently	introducing	uncertainHes	via	GPs	
•	Solver	convergence	was	assessed	and	typically	the	cost	overhead	for	
the	NN	augmentaHons	~	10-30%	
•	Portability	addressed	by	developing	framework	in	one	solver	and	
injecHng	in	a	commercial	solver	(Acusolve)	
	
	



Vision	for	the	future	
A	conHnuously	augmented	curated	database	/	website	of	inferred	
correcHons	that	are	input	to	the	machine	learning	process	

	
						Users	upload/download/process	data,	generate	maps.	



Growing	community	for	data-driven	turbulence	modeling	

2013-	onwards:	Duraisamy	et	al		
2015-	onwards:	Ling	et	al.			(apriori	è	modeling)	
2015-	onwards:	WeatheriY	et	al	(apriori)	
2016-	onwards:	Xiao	et	al.	(“open	box	UQ”	è	data-driven)	
2016-	onwards:	Dwight	et	al.	(parametric	è	non-parametric)	
2016-	onwards:	Wang	et	al.	(UQ	è	closure	improvement)	
	
Others:	Moser,	Edeling,	Cinella,	etc.	
	
Companies:	Altair,	Inc.	;	CD-Adapco;	GE;	Boeing	
	

Thanks	to	NASA	for	ge5ng	it	started	



Data	

	InformaHon	

Modeling	
Knowledge	

PredicHve	
capability	

Inverse	modeling			è		Extreme-scale	opHmizaHon		

Machine	Learning	è	Noisy,	Complex,		
	 	 	 	 							Extreme-scale	data,		

																																							feature	set	selecHon	

Embedding	è		UQ	and	ComputaHonal	Efficiency	

Assembly															è	CollecHon	of	relevant	/	
	 	 																			necessary	data	

Challenges	



ImplicaHons	&	Impact		
	
							Data:	Very	limited	experimental	data	(more	DNS/LES	data	when							
available)	
	

Modeling	insight	:	Modeler	can	understand	what	the	model	lacks	to		
match	data.	This	is	done	within	the	context	of	the	model	
	
Improved	models	:	Can	learn	the	missing	components	of	model	and	
generate	improved	models	
	
Model	credibility:	Can	validate/invalidate	model	structures	
	
Uncertainty	quanHficaHon:	Can	obtain	modeling	error	bounds	è	
Demonstrated	in	1D	probem	
	
We	are	applying	this	framework	within	the	context	of	turbulent	
flow,	materials	modeling	and	astrophysics.	
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Looking	for	post-docs	and	grad	students	



Backups	



Engineering	simulaHon	of	turbulent	flows	

Ensemble/Hme	averaged	
quanHHes	

Small	scale	eddies		What	we	cannot		
compute	

What	we	can	compute	

Closure	problem	
	è	Averaged	model	can	only	involve	averaged	quanHHes	

	
	



Materials	Modeling	
The	goal	is	to	idenHfy,	explain,	predict	and	ulHmately	to	design	the	properHes	and	responses	of	
these	materials.	
	
Hierarchical	models	have	been	developed	at	several	scales	

	è	These	methods	have	thus	far	provided	insight	and	qualitaHve	connecHons	to	
parameters	and	phenomena	from	lower	scales,	but	have	not	been	predicHve	
	
																Quantum	Monte	Carlo	ó		Density	FuncHonal	Theory	ó	ConHnuum	physics	

With	Profs.	Vikram	Gavini	and	Krishna	GarikipaH	(Mech	Engineering	and	Materials	Science)	



Subject-specific	blood	flow	modeling		

Biggest	challenges		
			è	lack	of	physiologic	data	to		
inform	the	boundary	condiHons		
			è	lack	of	data	on	mechanical		
properHes	of	the	vascular	model	
	
Obtain	data	from	tomography	and	MRI	
	
Solve	inverse	problem	for	parameters	
	
Massive	data	size	
	
On-the-fly	Lagrangian	computaHon	of		
MoHon	
	
EvaluaHon	of	arterial	sHffness	from	medical	
Images	!	
	
With	Prof.	Alberto	Figueroa	(Biomedical	
Engineering	&	Surgery)	
	
	
	
	



Climate	system	interacHons	
The	Earth's	climate	system	is	composed	of	mulHple	interacHng	components	that	span	spaHal	
scales	of	13	orders	of	magnitude	and	temporal	scales	that	range	from	
microseconds	to	centuries.	
				è	key	responses	and	feedbacks	in	the	system	are	not	well	characterized	
	
Understanding	how	clouds	interact	with	the	
larger	scale	circulaHon,	thermodynamic	state,	and	radiaHve	balance	is	one	of	the	most	
challenging	problems	
	
We	use	staHsHcal	inversion	and	machine	learning	to	explore	the	interacHon	between	changes	in	
the	Earths	climate	system	and	the	radiaHve	fluxes,	circulaHon,	and	precipitaHon	generated	by	
large	scale	organized	cloud	systems.	

With	Prof.	Derek	Posselt	(Atmospheric	Oceanic	&	Space	Sciences)	



How	can	we	scale	up	these	problems?	



IBM	ElasHc	Storage	System	(GPFS)	
	
	
	
	

HDFS	/	MPI-IO	/	Posix	
	
	

	Big	Data	Machine	Learning	
Training	Tier	

	
	
	
	
	

Machine	Learning	
TesHng	/HPC	Tier	

	
	

		Resource	Manager	&	
Scheduler	

			
	

Commodity	HPC	
cluster	(Flux,	
XSEDE,	Globus-
Transfer)	 SSD	Buffer	 	3PB	HDD	

Spark,	Hadoop,	GraphLab,	
BlinkDB,	DBMS,	...	

	
	4TB	RAM	Pascal	GPU	+	NVLink	

Throughput	Big	Data	
Interconnect	(100Gbps	speed)	

IBM	Pla�orm	
Symphony	

WAN	100Gbps	
Internet	2	Service	via	
UM	Science	DMZ	

Control	Interconnect	(1Gbps)	


